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Abstract
In this work we use the conventional hydrodynamics (HD) formalism and incorpo-
rate the Chew-Goldberger-Low (CGL) double-adiabatic theory to evaluate the nonlin-
ear electrostatic ion excitations in double-degenerate (electron spin-orbit degenerate)
magnetized quantum plasmas. Based on the Sagdeev pseudopotential method an exact
general pseudopotential is calculated which leads to the allowed Mach-number range
criteria for such localized density structures in an anisotropic magnetized plasma.
We employ the criteria on the Mach-number range for diverse magnetized quantums
plasma with different equations of state (EoS). It is remarked that various plasma
fractional parameters such as the system dimensionality, ion-temperature, relativistic-
degeneracy, Zeeman-energy, and plasma composition are involved in the stability of
an obliquely propagating nonlinear ion-acoustic wave in a double-degenerate quantum
plasma. Current study is most appropriate for nonlinear wave analysis in the dense
astrophysical magnetized plasma environments such as white-dwarfs and neutron-star
crusts where the strong magnetic fields can be present.
PACS numbers: 52.30.Ex, 52.35.-g, 52.35.Fp, 52.35.Mw
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I. INTRODUCTION
Ion acoustic waves are of important tools to probe the plasma instabilities and
responses to external perturbations. Two different methods for investigation of
nonlinear behavior of ion acoustic waves are the reductive perturbation [1] and
the pseudopotential [2, 3] methods. The reductive perturbation is used to evalu-
ate the ion excitations in plasma with small- but finite-amplitude perturbation,
while, the pseudopotential approach concerns the arbitrary-amplitude plasma
excitation. The experimental realization of ion-acoustic waves dates back to 1970
[4]. There have been extensive past studies concerning the role of magnetism on
oblique ion-acoustic wave propagations [5–8] in a classical plasma. Some later
works extend the previous studies to the nonlinear wave dynamics to plasmas
with ion-temperature anisotropy in magnetized plasmas [9, 10]. The later works
incorporate the Chew-Goldberger-Low (CGL) [11] double-adiabatic HD-model
to evaluate the propagation of nonlinear ion-waves in dusty and electron-ion
plasmas, respectively. In a sufficiently collisionless plasma the parallel and per-
pendicular ion-temperature may differ leading to double adiabaticity. Canuto
and Chuo have investigated the collisionless single-fluid electron plasma disper-
sion in the presence of strong magnetic field in different electron number-density
regimes [12] and have found that in the degenerate plasma regime the parallel
and perpendicular electromagnetic propagations differ substantially. Unlike the
classical plasmas, for a degenerate plasma in the zero-temperature limit, the
anisotropy is not introduced due to the temperature anisotropy, but, is caused
mainly because of density anisotropy which is related to the so-called Fermi-
temperature of the degenerate system. In a degenerate plasma it is known that
the electron collisions are much reduced because of Pauli-blocking mechanism.
However, one should not confuse the Fermi-temperature of degenerate plasma
with the real physical temperature of species. Such confusion has been shown to
lead to converse results [13]. More recently, Shukla and Stenflo have introduced
the CGL formulation to the quantum Hall magnetohydrodynamics model [14].
Since the early investigations by Bohm, Pines and Levine et.al [15–17] major investi-
gations have been directed towards the study of physical properties of dense plasmas the
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so-called quantum plasmas. Due to the significance of Pauli exclusion mechanism in such
plasmas rather distinct features such as quantum tunneling, degeneracy pressure, quantiza-
tion of electronic density of states and many other peculiar features [18, 19] are expected to
occur which are absent in the ordinary plasma kind. Such quantum effects can even lead to
distinct collective phenomena in quantum plasmas. Recent studies present some interesting
features of the quantum plasmas [20–29] unobserved in classical counterparts. Despite nu-
merous applications of quantum plasmas in areas such as semiconductors, nanotechnology,
quantum optics and electronics [30], there are many astrophysical occasions where quantum
effects become dominant. Chandrasekhar [31–33] has shown that a compact stellar object
such as white-dwarf or neutron star can be effectively modeled as an ideal zero-temperature
Fermi plasmas. It is also well-understood that the hydrostatic equilibrium of white-dwarfs
or neutron stars is due to the electron or neutron degeneracy pressures in a degenerate
superdense electron or neutron gas pressurized under the large stellar gravity force. The
gravitational collapse may eventually setup in a super heavy star because of the softening
of degeneracy pressure of relativistically moving fermions. The pressure loss may even lead
to the ultimate collapse of the compact star under its own gravity. In such relativistically
degenerate quantum plasmas the whole thermodynamical properties of the matter has been
shown to alter [34] and distinct features emerge in nonlinear wave dynamics.
On the other hand, interesting features emerge when the magnetic field and consequently
the Landau orbital-quantization takes place in degenerate plasmas. Perhaps the most ex-
tensive theoretical investigation of thermodynamical properties of matter under arbitrary
strength magnetic field belongs to that of Canuto et al. [35–38]. These studies showed that,
the thermodynamics and magnetic properties of a relativistically degenerate Fermi-Dirac gas
is altered substantially due to spin-orbit degeneracy in the transverse direction to the field
and differ fundamentally regarding to those of a normally degenerate ones. The magnetic
susceptibility has been shown to exhibit the oscillatory behavior and the plasma may even
become one-dimensional for very sufficiently high magnetic field strength. In such regime
the fermion density is ruled strongly by both the magnetic field and relativity parameters.
It was also found that when the plasma degeneracy becomes relativistic a self contained
metastable ferromagnetic state may develop leading to strong magnetic field. This has been
attributed to the presence of strong fields estimated for some highly magnetic compact stars
[39–43]. More recently, quantum magnetohydrodynamic (QMHD) model has been extended
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to include the spin-1/2 effects [44]. Investigations [45–52] based on spin-1/2 MHD model
indicate that a negative pressure-like term in the momentum equation appears due to the
electron spin-1/2 effects and dominates at very low temperatures leading to detectable fea-
tures even in the presence of relatively small laboratory-scale magnetic field strengths.
Theoretical calculations reveal that strong kinetic-pressure anisotropy can be induced in
the plasma due to the application of strong magnetic fields of order 4.414 × 1013G which
is typical of neutron stars or some white dwarf star cores. It has been shown that [53],
the mechanism known as Landau orbital ferromagnetism, usually referred to as LOFER
is consistent with the large magnetic fields present in compact astrophysical objects [54–
57] and may in fact play a key role in a transverse instability such as transverse magnetic
collapse or quantum collapse. Extensive reviews on the properties of matter under arbi-
trary strength magnetic field can be found in some recent literature [58, 59]. Other recent
investigations [60, 61] also confirm the possibility of a lateral magnetic collapse in the rel-
ativistically degenerate magnetized plasma indicating that the highly magnetized gas can
in fact experience a strong anisotropic stress due to the Lorentz-force and plasma magne-
tization. The later forces may completely cancel that of the electron degeneracy causing
a magnetic collapse in equatorial plane. It has also been revealed that, the magnetism
[62] and interaction effects such as Coulomb [63] can also slightly alter the Chandrasekhar
mass-radius ratio. Distinct regimes have been shown to exist in a dense highly magnetized
plasma due to Landau quantization [64, 65]. In current investigation we take into account
the effect of anisotropy caused by uniform magnetic field on electronic-distribution on ion-
acoustic wave propagation which is absent in the classical Chew-Goldberger-Low (CGL)
double-adiabatic treatment. As will be discussed in later sections the effect of the electron-
distribution anisotropy can become very important for the case of degenerated magnetized
plasmas and may lead to instability of a highly spin-orbit quantized degenerate plasma. We
use the conventional quantum hydrodynamic (QHD) model in Sec. II to extend the Chew-
Goldberger-Low (CGL) double-adiabatic theory to include the electron pressure anisotropy
in degenerate magnetized quantum plasmas and exactly solve for the solitary density exci-
tations using conventional Sagdeev pseudopotential method in Sec. III. In later sections we
give extensive examples of quantum plasmas for which the theory can be applied and draw
our conclusions in Sec. V.
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II. DOUBLE-DEGENERATE HYDRODYNAMIC FORMULATION
In a uniformly magnetized quasineutral Fermi-Dirac plasma with arbitrarily high mag-
netic field strength is has been shown that the kinetic stress-tensor is highly anisotropic
so that the transverse electron pressure due to sum of spin-orbit and degeneracy totally
vanishes at the ground state Landau spin-orbit magnetization level [36]. Although, it has
been claimed [58] that this anisotropy vanishes due to the work required to compensate the
Lorentz magnetic-force acting on electrons, however, it can be shown that at the quantum-
limit (l = 0) of a Fermi-Dirac magnetized plasma the total pressure caused by the sum
of the electron degeneracy pressure, Pe‖, and the spin-orbit magnetization pressure, BΓe,
(Γe is the plasma electron spin and orbital magnetization) still vanishes completely. In
fact, the parallel and perpendicular electron pressure components in a uniformly magne-
tized plasma are related through the equation Pe‖ = Pe⊥ + BΓe [58]. Using the definitions
ρe(r, B) ∝ ∂Pe‖(r, B)/∂ǫFe (ǫFe =
√
1 + r2 is the relativistic Fermi-energy of electrons) and
Γe(r, B) ∝ ∂Pe‖(r, B)/∂B, with r being the fractional relativistic Fermi-momentum. Thus,
for a homogenous magnetized plasma, it is observed that only for the classical-limit (l =∞),
where the Chandrasekhar equation of state, Pe‖ ∝ r3, holds then Γe = 0 and the plasma
becomes isotropic (Pe‖ = Pe⊥) otherwise for other Landau levels Pe‖ 6= Pe⊥, in general.
Now let us consider a collisionless quasineutral uniformly magnetized Fermi-Dirac de-
generate plasma consisting of mobile electrons and ions. The arbitrary strength uniform
magnetic field, B, is assumed to be directed along the x axis. The full quantum hydrody-
namics equations describing the dynamics of electrons and ion, disregarding the Bohm-force
for simplicity, take the form
∂ni,e
∂t
+∇ · (ni,evi,e) = 0,v(i,e) = iˆvx(i,e) + jˆvy(i,e) + kˆvz(i,e),
∂vi
∂t
+ (vi · ∇)vi + emi∇φ+ 1mini∇ · P˜i(ni)− ωci(vi × iˆ) = 0,
me
mi
(
∂ve
∂t
+ (ve · ∇)ve + ωce(ve × iˆ)
)
+ 1
mine
+∇ · P˜e(ne) = emi∇φ,
∆φ = 4πe(ne − ni) ≈ 0,
(1)
where, v(i,e), m(i,e) and ωc(i,e) = eB/m(i,e) are the ion/electron velocity, mass and cyclotron
frequencies, respectively. Also, P˜e(ne) and P˜i(ni) are the electron and ion diagonal pressure
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tensor, given as [9, 10]
P˜e(ne)=


Pe‖ 0 0
0 Pe⊥ 0
0 0 Pe⊥

 , P˜i(ni)=


Pi‖ 0 0
0 Pi⊥ 0
0 0 Pi⊥

 (2)
It is noted that the mathematical treatment employed here have quite resemblance to the
CGL theory of double-adiabatic ion-pressure [67, 68] where P˜ = P⊥I˜ + (P‖ − P⊥)bˆbˆ, with
bˆ being the unit vector along the nonuniform ambient magnetic-field. In the case where
the magnetic-field is anchored to the plasma density such as for frozen-in-field or Landau-
orbital-ferromagnetism (LOFER) [38] the nondiagonal elements of stress-tensor are nonzero
and the pressure-tensor can be written in a more general form [69]
P˜=


P⊥ + (P‖ − P⊥)bxbx (P‖ − P⊥)bxby (P‖ − P⊥)bxbz
(P‖ − P⊥)bybx P⊥ + (P‖ − P⊥)byby (P‖ − P⊥)bybz
(P‖ − P⊥)bzbx (P‖ − P⊥)bzby P⊥ + (P‖ − P⊥)bzbz

 (3)
In order to obtain a dimensionless set of equations, we use general scaling defined below
∇ → 1
λi
∇¯, t→ t¯
ωpi
, n(i,e) → n0n¯(i,e), v(i,e) → civ¯(i,e), φ→ ǫ
e
φ¯, P(i,e) → ǫP¯(i,e), (4)
where, ωpi =
√
4πe2n0/mi is the plasma ion frequency, λi = ci/ωpi the ion gyroradius,
and ci =
√
ǫ/mi the ion sound-speed, values of which will be defined later along with
the parameter ǫ based on the quantum statistical distribution of electrons. Furthermore,
assuming thatmi/me ≫ 1, the dimensionless set of equations, disregarding the bar notation,
take the following simplified form
∂n
∂t
+∇ · (nvi) = 0,
∂vi
∂t
+ (vi · ∇)vi + 1n∇ · P˜(n)− ω¯(vi × iˆ) = 0,
P˜(n) = P˜i(ni) + P˜e(ne).
(5)
where, ω¯ = ωci/ωpi is the normalized magnetic field strength. Taking vi = v in this scheme,
we further simplify the model to a two-dimensional perturbation in x-y plane and ignoring
the ion pressure regarding that of the electron degeneracy. Note that in the ground-state
Landau-level where the transverse electron degeneracy pressure vanishes the presence of
ion-pressure becomes essential and we will consider the ion pressure when we get back to
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this special case in later sections. The simplified set of equations regarding the dynamics of
ion-waves are as follows
∂tn+ ∂x(nvx) + ∂y(nvy) = 0,
∂tvx + (vx∂x + vy∂y) vx +
∂xP‖(n)
n
= 0,
∂tvy + (vx∂x + vy∂y) vy +
∂yP⊥(n)
n
− ω¯vz = 0,
∂tvz + (vx∂x + vy∂y) vz + ω¯vy = 0.
(6)
The Eqs. (6) may be solved together to obtain the nonlinear evolution of magneto-ion-
acoustic waves in an anisotropic quantum plasma a task which will be followed in next
section.
III. GENERAL ANISOTROPIC SOLITON SOLUTION
In order to obtain a stationary soliton solution to equation-set we use the transformation
ξ = k‖x + k⊥y −Mt, where, M = V/ci is the Mach-number of solitons. Furthermore, by a
trivial integration with the boundary conditions ( lim
vx,vy→0
n = 1), the Eqs. (6) reduce to the
form(−M + k‖vx + k⊥vy) = −M/n,(−M + k‖vx + k⊥vy) dξvx + k‖n dξP‖(n) = 0,(−M + k‖vx + k⊥vy) dξvy + k⊥n dξP⊥(n)− ω¯vz = 0,(−M + k‖vx + k⊥vy) dξvz + ω¯vy = 0.
(7)
By standard mathematical procedure the reduced equation-set Eqs. (7) further simplify to
the following single differential equation
d
dξ
{
1
n
[
d2
dξ2
(
M2
2n2ω¯2
+Ψ1(n)
)
+ 1
]}
+ n
M2
dΨ2(n)
dξ
= 0,
Ψ1(n) = k
2
‖
∫ n
1
dnP‖(n)
n
dn+k2⊥
∫ n
1
dnP⊥(n)
n
dn, Ψ2(n) = k
2
‖
∫ n
1
dnP‖(n)
n
dn,
(8)
where, Ψ(n)’s are the generalized effective potentials. Using some algebraic manipulation
assuming the aforementioned boundary conditions lead to the well-known energy integral of
the form
1
2
(
dn
dξ
)2
+ U(n) = 0, (9)
where the generalized pseudo-potential for an anisotropic quantum plasma is given as
U(n) =
[
dnΨ1(n)− M2n3ω¯2
]−2
×∫ n
1
{[
dn′Ψ1(n
′)− M2
n′3ω¯2
] [
1− n′ + n′
M2
∫ n′
1
n′′dn′′Ψ2(n′′)dn′′
]}
dn′
(10)
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It is easily confirmed that, the Sagdeev pseudopotential given in Eq. (10) satisfies the first
two conditions below
U(n)|n=1 =
dU(n)
dn
∣∣∣∣
n=1
= 0,
d2U(n)
dn2
∣∣∣∣
n=1
< 0. (11)
On the other hand, the third condition in Eq. (11) leads to
d2U(n)
dn2
∣∣∣∣
n=1
=
∆21ω¯
2
∆22M
2
[
M2 −∆22
M2 −∆21ω¯2
]
< 0, (12)
or, for the stable Mach-range we obtain
 ∆2 < M < ω¯∆1
∆2
∆1
< ω¯
∆2 > M > ω¯∆1
∆2
∆1
> ω¯

 , (13)
where
∆1 =
√
dnΨ1(n)|n=1, ∆2 =
√
dnΨ2(n)|n=1. (14)
In the following sections we apply the criteria obtained to different situations in magnetized
degenerate plasmas and show that many different plasma parameters can affect the stability
of the localized density perturbations in quantum plasmas.
IV. QUANTUM DOUBLE-DEGENERATE PLASMAS
A. Fermi Plasmas and Dimensionality Effect
For a normally degenerate Fermi electron-gas the normalized parallel pressure components
are of the form Pe‖ = 2n(d+2)/d/(2 + d) (with d = 2, 3 being the system dimensionality) and
the normalized ion-pressure can be written as Pi‖ = σ‖n3 [10] with σ‖ = Ti‖/TFe ≪ 1,
where, TFe is the electron Fermi-temperature and d is the system dimensionality. Note that
the normalizing parameters are taken as ǫ = 2kBTFe and ci =
√
2kBTFe/mi. Therefore,
including the ion pressure also we obtain, ∆2 = cos θ
√
2/d+ 3σ‖, where, θ is the angle of
propagation with respect to the external magnetic-field. On the other hand, the magnetic
susceptibility of a weakly magnetized (BµB ≪ kBTFe) Fermi gas is χ = µ2BD(EFe)(1−µ2/3)
[19], where, µB = e~/2mec is the Bohr-magneton, D(EFe) = nd/2EFe the electron density-
of-states, and µ = me/m
∗
e is the effective electron mass ratio. Therefore, using the relation
Pe⊥ = Pe‖ − BΓe, with η = BµB/2EFe being the Zeeman-energy parameter, we obtain
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in normalized form Pe⊥ = Pe‖ − η2nd(1 − µ2/3) and from CGL theory Pi⊥ = σ⊥n (σ⊥ =
Ti⊥/TFe ≪ 1) which leads to ∆1 =
√
2/d+ 3σ‖ cos2 θ + σ⊥ sin2 θ − dη2(1− µ2/3) sin2 θ. It
can be observed that the forth term in ∆1 can change the sign depending on the critical value
µcr =
√
3. It has been shown to lead to distinct nonlinear features in paramagnetic quantum
plasmas [70], since the value of µ can be as large as 103 for some Bismuth compounds [71]
or as low as 10−3 for heavy fermion semiconductors. Neglecting the ion pressure effects one
observes that the magnetization induced pressure anisotropy can be detected for d = 3, µ = 1
with the condition B ≃ 2.6 × 10−7n2/3e and for d = 2, µ = 1 with the condition B ≃
3.6×10−6n2e. It is obvious that when the value of fractional effective mass becomes negligibly
small, the laboratory scale magnetic fields may produce a measurable magnetization-induced
pressure anisotropy effects, so that, ∆1 differs significantly from ∆2.
B. Finite-Temperature Thomas-Fermi Plasma
For the Thomas-Fermi degenerate plasma with trapped electrons the nor-
malized electron density is of the form ne = (1 + φ)
3/2 + T 2e (1 + φ)
−1/2 [72] and
the parallel component of the classical ion pressure is again Pi‖ = σ‖n3 with
σ‖ = Ti‖/TFe ≪ 1 and the normalization parameters, ǫ and ci as in the pre-
vious case. We obtain for this case ∆2 = cos θ
√
2/(3− T 2e ) + 3σ‖. The quan-
tum paramagnetic susceptibility, on the other hand, in the weak-field limit
(η ≪ 1) is given by the Curie-Law, χ = C/Te with C = nep2µ2B/3 being the
Curie-constant and p being the number of Bohr magnetons [73]. Therefore
one obtains ∆1 =
√
2/(3− T 2e ) + 3σ‖ cos2 θ + σ⊥ sin2 θ − 2η2TFe sin2 θ/3Te (Te 6= 0). In
the ferromagnetic-limit one must use the Curie-Weiss law (χ = C/(Te − Tc) with
Tc being the critical temperature) and consequently at very low temperatures
when the electron-temperature, Te, approaches the critical temperature, Tc, the
negative term in the expression for ∆1 may dominate over the other terms lead-
ing to detectable nonlinear double degeneracy instability for some propagation
angles, θ.
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C. Relativistically Degenerate Plasmas
For a relativistically degenerate Fermi-Dirac electron-gas the normalized pressures can
be written as Pe(r) =
1
8r3
0
{
r (2r2 − 3)√1 + r2 + 3sinh−1r} [31], where, r = r0n1/3 is the
relativity parameter and r0 = (n0/nc)
1/3 (nc =
8pim3ec
3
3h3
≃ 5.9 × 1029cm−3) is the relativis-
tic degeneracy parameter. Furthermore, in this case the normalized ion-pressure which
is very small can be written as Pi = σn
s (where, the parameter s is defined through
the CGL theory) with σ = kBTi/mec
2 ≃ 0 with the normalizing parameters taken as
ǫ = mec
2 and ci = c
√
me/mi. Thus, we have ∆2 = r0(1 + r
2
0)
−1/4 cos θ/
√
3. On the
other hand, the weak-filed magnetic susceptibility for a relativistically degenerate Fermi-
Dirac plasma in normalized form is given as, χr ≃ 3nµ2B
√
1 + r2/m2ec
4r2. This gives rise
to ∆1 =
√
r20(1 + r
2
0)
−1/2/3− 3η2
√
1 + r20 sin
2 θ/r20, again with η = BµB/mec
2 being the
Zeeman-energy parameter. It is clearly remarked that the competing terms in ∆1 can inter-
play in low-density and high magnetic-field (3η ≃ r20 ≪ 1 or B ≃ 4.2×10−7n2/3e ) degenerated
plasma leading to large magnetization pressure anisotropy effects. Note that the condition
on magnetic field and density relation in this case is quite close to the one given above.
D. Coupled Relativistically Degenerate Plasmas
In a relativistically degenerate plasma due to decrease in inter-fermion distances the cou-
pling parameter may exceed unity. In such situations the Thomas-Fermi non-uniformity
in electron distribution, Coulomb effect, electron exchange and ion-correlations introduce
minor corrections to the Chandrasekhar electron degeneracy pressure of which the contri-
bution due to the Coulomb interactions is the largest [63]. The negative Coulomb plus the
Thomas-Fermi screening pressure, reads as
PC+TF = −8π
3m4ec
5
h3
[
αZ2/3
10π2
(
4
9π
)1/3
r4 +
162
175
(αZ2/3)
2
9π2
(
4
9π
)2/3
r5√
1 + r2
]
. (15)
where, the parameters, α = e2/~c ≃ 1/137 and Z are the fine-structure constant and the
atomic number, respectively. Therefore, in the same normalization scheme as above and
ignoring the α2 terms, one may write
ΨC(n) =
∫
1
n
dPC(n)
dn
dn = βr0n
1/3, (16)
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where, β = α(25/3/5)(3Z2/π)1/3. Therefore, for the strongly-coupled magnetized Fermi-
Dirac plasma considered here, we obtain ∆2 = cos θ
√
r20(1 + r
2
0)
−1/2 − βr0/
√
3 and ∆1 =√
(r0(1 + r
2
0)
−1/2 − β)r0/3− 3η2
√
1 + r20sin
2θ/r20, again with r0 = (n0/nc)
1/3 and η =
BµB/mec
2 being the relativistic degeneracy and the Zeeman-energy parameters. More re-
cently, it has been shown that in a magnetized quantum plasma the Coulomb force can be
comparable to that of degeneracy and the Coulomb instability may be set-up in laboratory
conditions for r0 ≃ 0.01 (n0 ≃ 1023/cm3) and η ≃ 10−8 (B ≃ 100T ) [74]. In such case
the first term in ∆1 can be compared to the second term due the plasma magnetization.
Therefore, there may be situations detectable in laboratory quantum plasmas where the
magnetization pressure-anisotropy can play a role.
E. Landau-Quantized Degenerate Plasmas
It has been shown [37] that the energy spectrum of a magnetized degenerate plasma is
quantized due to the electron spin-orbit magnetization. The thermodynamic quantities are
also quantized due to quantization of electronic density of states. In a zero-temperature
Fermi-gas the pressure is highly anisotropic and the gas may become one-dimensional along
the external field in the quantum-limit (l = 0) [38]. Plasma density, parallel pressure to the
field can be analytically expressed in terms of Hurwitz zeta-functions as below [66]
ne(r
′, γ) = nc(2γ)3/2H−1/2
(
r′2
2γ
)
,
Pe‖(r′, γ) = ncmec
2
2
(2γ)5/2
∫ r′2
2γ
0
H−1/2(q)√
1+2γq
dq,
Hν(q) = h(ν, {q})− h(ν, q + 1)− 12q−ν ,
h(ν, q) =
∞∑
n=0
(n + q)−ν .
(17)
where h(ν, {q}) is the Hurwitz zeta-function of order ν with the fractional part of q as argu-
ment and nc = m
3
ec
3/2π2~3, γ = B/Bc with Bc = m
2
ec
3/e~ ≃ 4.414× 1013G are the density
normalization and fractional critical-field parameters and r′ = PFe/mec is the relativity pa-
rameter. Note that the definition of nc in this case is different from that defined earlier.
In the limit r′2/2γ ≫ 1 the plasma pressure reduces to that of the Chandrasekhar and the
plasma becomes isotropic, while, for r′2/2γ ≪ 1 the plasma is in its ground-state (spin-orbit)
quantization level where Pe⊥ = Pe‖−BΓe = 0, where, Γe is the electron spin-orbit magneti-
zation. Therefore, one may use the thermodynamic relations ne(r
′, γ) = c−2s ∂Pe‖(r
′, γ)/∂ǫFe
11
(ǫFe =
√
1 + r′2) and Γe(r′, γ) = B−1c ∂Pe‖(r
′, γ)/∂γ for a homogenous magnetized plasma to
numerically evaluate the Much-number range available for solitary wave propagation.
From Eq. (14), it is evident that for a Landau-quantized plasma, we have ∆1 = ∆2/k‖ in
the classical limit (l = ∞), i.e. for isotropic plasmas (Pe‖ = Pe⊥). In general, the following
Mach-number limits is obtained for solitary wave propagation in the classical-limit

k‖ < M√
dnPe‖(n)|n=1
< ω¯; ω¯ > k‖
ω¯ < M√
dnPe‖(n)|n=1
< k‖; k‖ > ω¯

 . (18)
Moreover, in the quantum-limit (l = 0) where Pe⊥ = 0, we are led to ∆1 = ∆2 and arrive
at the following Mach-limits for the stability of solitary excitations

1 < M
k‖
√
dnPe‖(n)|n=1
< ω¯; ω¯ > 1
ω¯ < M
k‖
√
dnPe‖(n)|n=1
< 1; 1 > ω¯

 . (19)
It is concluded that, the two limits coincide for parallel propagation (k‖ = 1), while, the
perpendicular propagation (k‖ = 0) for the quantum limit unlike the classical limit is pro-
hibited.
The formulation presented in this research can also be further extended
to include the pair-ion, electron-positron-ion, dusty, two-electron-temperature,
finite-temperature quantum plasmas as well as multi-species classical plasmas.
As it is evident, the direct experimental evidence for the theory presented here
requires a sustainable high magnetic field which may be accessible via rapidly
growing field of strong laser-matter interactions in near future [65].
V. CONCLUDING REMARKS
We used a double-degeneracy quantum hydrodynamics formalism analogous to the well-
known double-adiabatic theory to evaluate the possibility of a nonlinear localized-density
excitations in anisotropic magnetized quantum plasmas. The application to different situa-
tion was presented and found that the parameters such as dimensionality, ion-temperature,
relativistic-degeneracy, Zeeman-energy, and plasma composition can alter the stability of
oblique solitary wave propagation. The analysis presented here can be applied to a variety
12
of environments particularly to astrophysical dense stellar structure such as white-dwarfs,
neutron-star crusts and pulsar magnetospheres.
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